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E .  M. E m e l ' y a n o v  a n d  A.  D. C h e r n y s h o v  UDC 539.374 

In this ar t ic le  conditions a re  obtained in a finite f o r m  on the boundary of r igid zones in a viscoplast ic  
medium. A s imi la r  conditon was given in [1] but in an integral  form.  Moreover ,  a s ta t ionary flow is con- 
s idered of a Bingham-Shvedov medium in a two-dimensional  conduit [2]. Small orthogonal harmonic pe r -  
turbations a re  imposed on the lower motionless conduit surface,  the upper  unperturbed plane moving with 
constant velocity and making an a r b i t r a r y  angle with the perturbations.  It is assumed that there is adhesion 
of the medium at the boundaries.  The problem is solved by using the s m a l l - p a r a m e t e r  approach. A cr i t i -  
cal condition is found by using two approximations so that rigid zones are  f i r s t  formed in some sections. 
Singularit ies appear  in the solution if the flow is paral le l  to perturbat ions.  These cases  are  analyzed sep- 
arately.  An attempt to find a cr i te r ion  for  s tar t ing the formation of a r igid zone in a viscoplast ic  medium 
was previously made in [3]. 

1.  C o n d i t i o n  on t h e  B o u n d a r y  o f  R i g i d  Z o n e s  

THEOREM. Fo r  the sur face  v = 0 to be the boundary of a rigid zone for  a flow of viscoplast ic  mater ia l  
(v is the velocity of the par t ic le  of the medium) it is necessa ry  and sufficient that on this surface  the condi- 
tion 

~ lv l /~n  = 0  (1.1) 

be satisfied, where n is the normal  coordinate f rom the boundary Z of the rigid zone: 

The necessa ry  condition of the theorem can be proved by using the relat ions 

v I,~ = O, ~is It. = 112 (V~,s+ Vs,i)~. = 0 (1.2) 

Sufficiency. Let the following assumptions of the theorem be sat isf ied on Z: viZ = 0, 0 [vi /an[2= 0. 
It is required to prove  that cijiZ = 0. The functions v and 0 v /0n  a re  expanded into ser ies  in the neighbor-  
hood of the sur face  Z, 

v = O v / O n l r . n - F  . . . .  Ov /On=Ov/Onl~ .  - F . . .  (1.3) 
v.Ov l On = (Ov I On l~)~n + . . .  (1.4) 

F o r  the velocity modulus these express ions  can be writ ten as 

I v l = a l v l l O n l > ~ n + . . . ,  O l , ~ l l O n = O l v l l O , ~ l ~ + . . . .  a.5) 

I v l a l v l l  an = ( a l v l i  an l~)"n + . . . 0..6) 

Since the left-hand sides of the express ions  (1.4) and (1.6) a re  equal, so must  also be the r ight-hand sides, 
that is, 

(~ I v I / o n  I~) 2 n + . . . .  (0v / 0~ I~) 2 n + . . .  (1 .7)  

Hence, it follows that 0v/Onl~ = 0 simultaneously with v = 0, which indicates that f-ijiz = 0, which is 
what was required to be proved.  
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2.  S t e a d y  F l o w  o f  V i s c o p l a s t i c  M e d i u m  

i n  a T w o - D i m e n s i o n a l  C o n d u i t  

The  b o t t o m  p l a n e  of the  channe l  (y = 0) i s  not  in m o t i o n  and a s m a l l  o r t h o g o n a l  p e r t u r b a t i o n  

y = h (~1 cos m i x  q-  6~ cos rn2z ) (2.1) 

i s  a p p l i e d  to  it ,  w h e r e h  i s  the  channe l  width,  61, 62<<1. T h e  top p l a n e  (y=h)  m o v e s  wi th  c o n s t a n t  v e l o c i t y  
v ,  p a r a l l e l  to  the  xz  p l a n e  and m a k i n g  an ang le  oz wi th  t he  z ax i s .  

The  r e l a t i o n  be tween  the  c o m p o n e n t s  r  of  t he  s t r e s s  t e n s o r  and s i j  of the s t r a i n - r a t e s  t e n s o r  in the  
c a s e  of the  M i s e s  p l a s t i c i t y  cond i t i ons  i s  g iven  by  [4] 

% = ( ~ 2  k / ~eq~%z + 2~1) % + P61, %q = 3P (2.2) 

w h e r e  k i s  the  f low l i m i t ,  and ~/ is  the  v i s c o s i t y  c o e f f i c i e n t .  

The  c o m p o n e n t s  of the  t e n s o r  of the  s t r a i n  r a t e s  a r e  r e l a t e d  to the  f low v e l o c i t y  by m e a n s  of 

e i l =  "/~ (v i , j  + v~,~) (2.3) 

Only d i m e n s i o n l e s s  q u a n t i t i e s  wi l l  b e  u s e d  f r o m  now on: 

x = x ' h ,  y = y ' h ,  z = z 'h ,  rn~(2) = rn~(2)'h -~, v~ -= v~ ' v . ,  ~ 1  = (~,~'k, e~j = e ~ / h v .  -~ 

The  e q u i l i b r i u m  equa t ion  and the  i n c o m p r e s s i b i l i t y  cond i t ion  f o r  the  m e d i u m  a r e  g iven  by  

(LY = 0, div v = 0 (2.4) 

T h e  b o u n d a r y  cond i t i ons  f o r  ou r  p r o b l e m  a r e  

v:~ = v ,  = vz = 0 fo r  y = 8~ cos m~x q- ~ cos m2z 
v ~ = s i n a ,  v ~ = 0 ,  v ~ = c o s a  fo r  y = t  (2.5) 

The  v e l o c i t y  of the m e d i u m  p a r t i c l e s  and the  m e a n  p r e s s u r e  a r e  sought  in the  f o r m  

] (x, y, z; 8~, ~ )  = ](v)(~ + 8~/' (x, y) + 82/" (y, z) + . . .  (2.6) 

Using  the b o u n d a r y  cond i t i ons  (2.5) the  z e r o t h  a p p r o x i m a t i o n  i s  the  so lu t ion  of the Coue t te  p r o b l e m  in 
a t w o - d i m e n s i o n a l  conduit :  

v~ (~ = y sin a,  vu(~ -~ 0, vz(~ = y cos cr p(0) = 0 (2.7) 

(2.6) s u c c e s s i v e l y  in to  (2.3), (2.2), and  (2.4) and u s i n g  (2.7) one ob ta ins  the  Subs t i t u t ing  the  e x p a n s i o n  
fo l lowing  s y s t e m  of  equa t ions :  

L (2v~.~x + v~, w + v~, xy) - -  sin S ~ (v:,vv + 4 ,  .~) - -  sin a cos av~, ~ + P: x = 0 

L ( G =  + 2v~,~ + v:,~) - ~n:  ~ (G.~  + , i .~)  - ~ - ~  oos ~,'~ ~ + p:~ = 0 

L (v~, ~ + v~, ~)  - -  cos 2 av'~ ~ - -  sin a cos a (v~., ~ q- v~, ~)  = 0 (2.8) 

v:, ~ + G,~ = 0 

L (v:, vy + v:, zz) - -  sin 2 av:, ~ - -  sin a cos a (v;, ~z + v:, ~)  = 0 
H ~ H w 

L (2v~, uv + vv, zz + v:, uz) - -  cos2 a (v~, z~ + v~, u~) - -  sin a cosav~,~ -~- P,u = 0 

L = i .-}- a -S, a ~ = kh / TlV , 

The  b o u n d a r y  cond i t i ons  f o r  the  s y s t e m s  (2.8) and  (2.9) a r e  ob ta ined  by expand ing  the  cond i t i ons  (2.5) 
into a s e r i e s  of p o w e r s  of 61, 62: 

v~' = - - s i n  a cosm~x, v u' = O, v~' -= --cos ct cos rnlx  fo r  y = 0 (2.10) 
v ~ ' =  v v ' = v / = O  fo r  y = l  

v , "  = - - s i n  acos  m2z, v f  = O, v~ ~ = --cos a cos m~z f o r  y = 0 (2.11) 
V x  ~ ~ ~ _  V z v~" " = 0  f o r  y = l ~  
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T o  s o l v e  t h e  s y s t e m  of e q u a t i o n s  (2.8) w i t h  t h e  b o u n d a r y  c o n d i t i o n s  (1.10) t he  u n k n o w n  f u n c t i o n s  a r e  
sough t  in  t h e  f o r m  

vx' = A l ( y  ) cos rnlx , v v' ---- Bl(y ) s in  m i x  
vz' = CI(y) cos mix  ' P '  = D 1 (y) s in  rnlx (2.12) 

We now i n s e r t  (2.12) in to  (2.8) and  (2.10). A f t e r  s o m e  t r a n s f o r m a t i o n s  one  o b t a i n s  

A 1 = rn1-1 pB1, [rn1-1 (L - -  s in  s a)  ps _ rnl( L ~ sinS(z)p] B1 __ 
- -  s in a cos a pSC 1 -]- m i D  1 = O, [(L ~- s in s a) pS _ rnlS (L - -  (2.13) 

- - s i n  s a ) ] B  1 + m  l s i n c z c o s  (zpC l + p D  1 = 0 ,  s i n a  c o s a  (ml-lp s + m l p  ) B  l + [ m l s L _  ( L - - c o s S a )  p ] C 1  = 0 

w h e r e  t he  s y m b o l i c  n o t a t i o n  p = d / d y  h a s  b e e n  i n t r o d u c e d .  

T h e  b o u n d a r y  c o n d i t i o n s  a r e  

Ax = B 1 = C 1 = 0 f o r  y = t (2.14) 
A1 = - - s i n a ,  B 1 = 0 ,  C 1 = - - c o s a  f o r  y = 0  

T h e  c h a r a c t e r i s t i c  e q u a t i o n  of t h e  s y s t e m  (2.13) is  

( t - -  t )  {t s -  [2 ~- a s ( l - ~  3 s i n  s r  1 - ~ a  S( t  - - s i n  2 a ) } - - 0 ,  t = ~ m ~  -~ (2.15) 

I t s  r o o t s  a r e  e q u a l  to  

t 1 = 1, t2,8 = 1/s {2 -~ a ~ (1 -~ 3 s i n  ~ a) ___~ a [16sin s cz + a s (i  -~ 3 s in  2 ~)~]~/~} (2.16) 

B e a r i n g  in  m i n d  tha t  t h e r e  a r e  n o  m u l t i p l e  r o o t s  a n d  tha t  A 1 = -~" a, ~" 2 = -~" 5, k 3 = - x  6, the  s o l u t i o n  of 
the  s y s t e m  (2.13) i s  sought  in  the  f o r m  

3 

B1 (y) ---- ~ [ct exp (kly) + ci+a exp ( - -  ~,y)] 
1 

3 

C1 (y) = ~, [c~ exp (~y) ~- c~+ 3 exp ( - -  ~.~y)] (2.17) 
i 
3 

D1 (y) ----- ~ [ca~ exp (s + cs~+a exp ( - -  s 
1 

By i n s e r t i n g  (2.17) in  (2.13) o n e  f i n d s  

Csq = aqCq~ C3q = bqcq 
aq = --~.q (~.qs ~_ ml ~) s in a cos ~ m1-1 [~qs ( L - -  cosSa) - -  milL]  -~ (.218) 

~,qL (~,q~ - -  ml  ~) ~,q~ ( l  - -  L )  - ~  m l  u ( L  -~- s i n  s ~ )  

bq = ml ~ co@ ~ ~.q (L --  cos ~ a) --  ml~L 

T h e  s o l u t i o n  c a n  t h e n  be  w r i t t e n  in  t h e  f o r m  
3 

A~ (y) - -  m~ -x ~, [c~k~ exp (k~y) - -  c~+a~ exp ( - -  ~y)] 
1 

3 

B~ (y) = ~ [c~ exp (~y) -~ c~+s exp ( - -  ~Y)] (2.19) 
1 

3 

C~ (y) ----- ~ [c~a~ exp (~,~y) - -  c~§ exp (--)~Y)I 
1 
3 

D a (y) = ~ [c~b~ exp (k~y) - -  c~+ab~ exp ( - -  k~y)] 
1 

T h e  i n t e g r a t i o n  c o n s t a n t s  c i c a n  b e  found  f r o m  the  b o u n d a r y  c o n d i t i o n s  (2.14), 

6 3 

~,c i  = O, m l - l  ~,(ci~,i - c~+,k~)= - - s i n a  
1 1 
3 

1 

(2.20) 
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3 

~,lc~exp (~) + c~§ exp (- -  ~)] = 0, ~, [c~X~ exp (~) - -  c~,a~ exp (- -  ~)l = 0  
1 1 

3 

~, [c~a~ exp (~.~) - -  c~+~a i exp (--)~)1 = 0 
1 

The  s o l u t i o n  of the s y s t e m  (2.20) fo r  c 1 is  g iven  by 

3 3 3 3 

A1 = r n l - i ~ q G q ,  B1 = ~,Fq, C1 = ~,aqGq, D1 = ~,bqGa (2.2t~ 
i i i 

Fq : bq i sh O~qY) -1- bq 2 ch O~qg) ~ bq ~ sh [~q (g - -  i)] ~- bq 4 ch [kq (g - -  1)], Gq = kq-ipFq 

bq i = 2A1 - i  (M~ +3 sin a - -  M ~  +a cos a) 

bq ~ --- 2A1 - i  (aq sin a - -  ~qml -I COS a) M ~  +a (2.22) 

bq 3 = 2A1 -i  (M~ +a sin a - -  Maq~ ~a cos a) 

b~ a = 2A1 -i  [()~qM~ +a - -  aqM~ +a) sin a - -  (~qM~ +a - -  aqM~ +a) cos a] 

w h e r e  ( there  i s  no s u m m a t i o n  o v e r  q) ~1 i s  the  d e t e r m i n a n t  of the s y s t e m  (2.20), Mqmn q+$ a r e  the  m i n o r s  of 
the  d e t e r m i n a n t  AI ,  the  s u p e r s c r i p t s  showing  the  d e l e t e d  co lumns  and the  s u b s c r i p t s  the  d e l e t e d  r o w s .  

If  the  s y s t e m s  (2.8) and (2.9) and the  b o u n d a r y  cond i t i ons  (2.10) and (2.11) a r e  c o m p a r e d  i t  can  b e  s e e n  
tha t  t he  s o l u t i o n  of t he  b o u n d a r y - v a l u e  p r o b l e m  (2.9) and (2.11) can  b e  ob t a ined  f r o m  the  s o l u t i o n o f t h e p r o b -  
l e m  (2.8) and (2.10) s i m p l y  by r e p l a c i n g  in the  l a t t e r  mi ,  2~q, t a n ~ , x ,  z by  m2, pq ,  cot  (r, z , x ,  r e s p e c t i v e l y ;  
in a n o t h e r  no ta t ion  by  add ing  an e x t r a  p r i m e ,  

v~" : C~ (y) cos m~z, vv" = B 2 (y) sin m~z, vz" = A2 (y) cos m~z, 
P" : D2(y ) sin rn~z (2.23) 

The  func t ions  A2(y), B2(Y) , C2(Y) , D2(Y) a r e  found f r o m  (2.21), n a m e l y ,  

3 8 3 3 

1 I i i (2.24) 

Fq' = bq i '  sh (~qy) ~- bq ~' ch (~tqy) -1- bq 3' sh [~tq (g - -  t)1 + bq 4' ch [ ~  (y - -  l)l. Gq' = I~q-ipFq" 

S i m i l a r l y  as  in [3] the  f o r m a t i o n  of r i g i d  z o n e s  in s e c t i o n s  on the  p e r t u r b e d  p l a n e  i s  p o s s i b l e  f o r  s o m e  
r a t i o  of the  p a r a m e t e r s  which  c h a r a c t e r i z e  t he  f low of a v i s c o p l a s t i c  m e d i u m .  It  can  b e  a s s u m e d  that  r i g i d  
r e g i o n s  a r i s e  at  the  v e r t i c e s  of the s e c t i o n s  of the  l o w e r  s u r f a c e  ( y = - 5 i , - 5  2,, cos  m i x =  cosm2z = - 1 ) .  

By f o r m u l a t i n g  the  cond i t ion  (1.1) f o r  t h e s e  p o i n t s  wi th  an a c c u r a c y  up  to  the  s m a l l  q u a n t i t i e s  of the  
f i r s t  o r d e r  a c r i t i c a l  r e l a t i o n  is  ob ta ined  b e t w e e n  the p a r a m e t e r s  v , ,  h, k, ~?, o~, rot_2, 61, , 52,, 

I - -  [A,,~j (0) sin ct + C1, v (0) cos a] 5i,  - -  [C2,y (0) sin ~ + A2,v (0) cos a] 62, = 0 (2.25) 

If  the  s u r f a c e  p e r t u r b a t i o n  f o r  the  s a m e  f lows  e x c e e d s  the  c r i t i c a l  one, 5 i + 52-> 61, + 62, , then r i g i d  
zones  a r e  f o r m e d  in the  s e c t i o n s ,  but  i f  61 + 62 ~ 61, +52, ,  n o r i g i d  zones  a r e  found in the  condui t .  

F o r  oL=Tfn/2 ( n = l ,  2 . . . .  ) t h e  ob t a ined  s o l u t i o n  does  not  s a t i s f y  a l l  t he  cond i t ions  of the  p r o b l e m ,  s i n c e  
t he  c h a r a c t e r i s t i c  equa t ion  (2.15) p o s s e s s e s  m u l t i p l e  o r  c o m p l e x  r o o t s ,  and the  so lu t i on  can  b e  much  s i m -  
p l i f i e d .  

L e n g t h w i s e  P e r t u r b a t i o n s .  

y : 5 ~ c o s r n ~ x ,  6 ~ : 0 ,  c o s a =  1 

In th is  c a s e  only the  v e l o c i t y  v z d o e s  not  va n i sh .  
The  z e r o t h  a p p r o x i m a t i o n  i s  

v~(0) _-- g (2.26) 

F o r  the  f i r s t  a p p r o x i m a t i o n  Vz' only  one equa t ion  r e m a i n s  of the  s y s t e m  (2.8): 

(l + a ~) Vz. ~ -]- Vz, w ---- 0 (2.27) 

F r o m  (2.10) the  b o u n d a r y  cond i t ions  a r e  found fo r  (2.27) which  a r e  of the  f o r m  

v z' (x, ~) = 0, v z' (x, 0) = - -  cos mix (2.28) 
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T h e  v e l o c i t y  func t ion  is sought  in the  f o r m  

Vz' = Cl (y  ) cos  m i x  (2.29) 

By i n s e r t i n g  (2.29) in to  (2.27) and (2.28) w e  a r r i v e  at  the  equat ion  

P~C1 - -  m~i(t -4- a s) Ci = 0 (2.30) 

wi th  t he  b o u n d a r y  cond i t i ons  

Ct (I) = 0, C~ (0) = --I (2.31) 

S olving (2.30) and (2.31) and using (2.26) one obtains 

v~'= y + 8i [sh (~)]- 'sh [~ (y - -  1)] cos m i x  + o (8i~), (2.32) 
7~ = ml (1 + a~)'/, 

T h e  c r i t e r i o n  f o r  the  f o r m a t i o n  of s t a g n a n t  zones  at  the  v e r t i c e s  of the  s e c t i o n s  (y= -(3~, ,  cos  m~x = 
- 1 )  i s  ob ta ined  f r o m  the  cond i t i on  (1.1) a s  

T r a n s v e r s e  P e r t u r b a t i o n s .  

In th i s  c a s e  v x = 0, (v z, Vy) ~ 0. 

T h e  z e r o t h  a p p r o x i m a t i o n  i s  

~1 > 61*, 61@ = [ t h  (~,)1 / Z, 

y = 6 ~ c o s m ~ z ,  ~ = 0 ,  c o s a = l  

(2.33) 

vu(O) = 0, v~(o) = y (2.34) 

F r o m  (2.9) one ob t a in s  f o r  the  f i r s t  a p p r o x i m a t i o n  the  s y s t e m  

2 (t + as) v;  y~ + v;  ~ + ~; ~z + P ~  = 0 

2 (~ ,+ aS) ~i, = + & ~ + ~;, ~ + p ~  = o, ~ ,  ~ + ~i,~ = 0 (2.35) 

The  b o u n d a r y  cond i t i ons  ob ta ined  f r o m  (1.11) a r e  

vy" = v~" = 0 f o r  y = 1, %" ---- 0, vz" = --cos rn s z f o r  y = 0 (2.36) 

The  so lu t i on  is  sought  in the  f o r m  

P" = D s (y) sin m2z, %" ---- a s (y) sin m2z, uz" = A~  (y)  cos m~z (2.37) 

If  (2.3 7) i s  i n s e r t e d  into (2.35) and (2.36), then  a f t e r  s o m e  t r a n s f o r m a t i o n ,  the  p r o b l e m  (2.35) and (2.36) 
i s  r e d u c e d  to  the  fo l lowing  s y s t e m :  

A 2  = m 2  - ~ P B  s, [(t + 2 a  s) p s - r n 2 s ] B ~ + p D  s : 0 (2.38) 
[ras-~p 3 - -  (1 -t- 2a~)p] Be -~ D2 ---- 0 
As(t ) = B s (1) = B s (0) = 0, As (0) = - - I  (2.39) 

T h e  so lu t ion  of (2.38) and (2.39) is  g iven  by  

2 2 2 

1 1 1 
Fq '  = bq i" sh (~qy )  -~  bq s' sh [ ~ q ( y  - -  t)] ~- bq 8' ch [IXq (g--  t)1 
Gq' = ~ q - l f l F q ' ,  bq" = iZq [~tq2ms -~ - -  ( t  --}- 2aS)] 
Ilq s = rnsStq, ti, s = i ~-  2a  ~ ~___ 2a  (i  ~- aS)'/$ 

w h e r e  bq n '  r e p r e s e n t  the e x p r e s s i o n s  

ba i '  2A-iMqq+~ ~ , _ .  -1 qq+2 = - "  s i2 , bq --2A~ M 2 s  , bq 3" = 2 A ~ - i l ~ q M ~  +2 

( there  i s  no s u m m a t i o n  o v e r  q) 

t t t t 

Mi M2 M1-1 M2 -i  
ibM1 ~tsM2 - -  p lMi - i  - -  ~2Ms -1 

Mi = exp (~d 

(2.40) 

A 9 
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where  Mqmn q+ 2 denote the m i no r s  of the de terminant  L 2. 

In this case  the speed is  

I V I ~-- Y "~ ~1~ (y) cos m~z -b 0 ( ~ )  (2.14) 

The c r i t e r ion  fo r  the fo rmat ion  of stagnant zones at the points of the su r face  ( y = - 5 2 ,  ' cos m2z = - 1 )  
is  as follows: 
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